6 Vector Operators

6.1 The Gradient Operator

In the 1B21 course you were introduced to the gradient operator in Cartesian coordinates. For any differentiable
scalar function f(x,y,2), we can define a vector function through

wwf=Vﬁ4h@+@@+mm=(g)%+(%)%+(g)@. (6.1)

There is a slight difference with the notation of the first year course since #, 7 and k have been replaced by €,
and ¢, to allow a more straightforward generalisation to polar coordinates.
Sometimes we express the result in terms of an operator equation

V=eé 9 +é o +é 9
- Toxr Yoy o0z’
where it is understood that the operator V, pronounced Del, is to act upon the function f.
If the point (x,y, z) is changed by an infinitesimal amount dr = (dz, dy, dz), the function changes by
df = (fely + fyé, + [2€,) - (dxé, +dyé, +dz,é,) = fodr + f,dy + f.dz, (6.3)
which is just the expression for the total derivative in terms of the slopes in the three directions.
Upon the surface f(z,y,z) = constant, df = 0, so that

0=Yf-dr. (64)

€y

(6.2)

In order that the point stays along the contour, small changes dr are perpendicular to the gradient.

Examples
1. Find the gradient vectors V ¢ and V ¢ of the functions
¢ = *+y*—2"+3,
Y = zy—yz+zx—10,
at the point (3,2,4), and the acute angle between these two directions correct to 0.1°.
The two gradients are
Vo = (2z,2y, —22),
Vi = yt+zz—z2z-y).
At the point (3,2,4),
Vé=(6,4,-8), V¢=(6,-11).
If 6 is the angle between these two vectors, then
(6,4, -8)-(6,—-1,1) 12 .
2v/29 x 38 V1102

cosf =

Hence the acute angle 6 ~ 68.8°.

2. In the case where f is only a function of r = /22 + 32 + 22, then

Of\ _df (Va2 +y?+22) _xdf
dxr ) dr Oz T dr’

where we have used a chain rule for differentiating. Thus

1df . df
gmdf:(:z:, Y, Z);%:Qr%a

where ¢, is a unit vector pointing in the direction of r.
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6.2 The Divergence Operator

In the previous section, we used the V (Del) operator to produce a vector field grad f from a scalar field f. The
divergence operator does the opposite — it creates a scalar field from a vector using the scalar product. For a
differentiable vector function v(z,y, 2),

. .0 .0 .0
dive =V -v= <6$&c+6yay+6zaz) . (vTe Jrvye +v,é )
Ov, Ovy Ov,
=T oy o (6:5)
Examples
1. In the case where v =r,
) or Oy 0z
dzvf—y-z—%—kafy—ka—?).
2. If f is a function of the magnitude of r,
: _ Oz f(r)] | Olyf(r)] | Oz f(r)] a® df v df 22 df
divlr f(r)] = or * oy + 0z f+ dr +f+ dr +f+ rodr
_ df
=3f(r)+r I

3. Suppose that f(z,y, z) and v(z, y, z) are respectively scalar and vector functions of the coordinates (z,y, z).

Then
0

Z~U@=£;U%HQEU%%PQU%)

. Of of of c%x
vor T, T Ve, T s

The vector part of the operator obeys the rules for vectors, whereas the differentiation part works obeys
the normal rules for differentiation, including that for the derivative of a product.

8vy 81)2

6.3 The Curl Operator

We saw in the 1B21 course that the differential

AW = v dx + v, dy + v, dz, (6.6)

is perfect if and only if

81}m 8Uy o % . avz o aUZ 8Uy -0 (6 7)

dy Ox 0z dy oz 0z

Let us introduce the more compact notation using the curl of a vector function v = (v, vy, v,), defined as

curlv=YVY xuv. (6.8)

Using the expression for the cross product given in the 1B21 course, together with the expression for Del given
by Eq. (6.2), it is seen that this has components

_ Ov. Oy
Exv), = 55~ %
Oov,  Ov,
vy = 5 "o
ov, v,

I T (6.9
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Thus, if curlv = 0, then the integral
(,y,2)
W(z,y,z) :/ v - dr (6.10)

(z0,Y0,20)

defines a unique function W (z,y, z), whose value does not depend upon the path of integration.
Examples

1. We saw, in the discussion of the divergence of a product, that ¥V obeys simultaneously the rules of differ-
entiation and vector algebra. This is also the case for curl. Thus

Vx(foy=f(¥Vxv)+(Vf)xuv,

where the convention is that the differentiation on the right hand side only takes place inside the bracket.
The simplest proof is in terms of components. Taking just the xz-component of the LHS,

(LHS), = 2 (7 02) = (T v,)

_(or, or . o,
‘Qf26#@+f<@ aJ

and similarly for the other components.

(Vf) <ol + [V xu],,

2. If now v =r and f = f(r), what is V x (r f(r))?

o 98 9

oxr Oy 0z
Vxr=| x y z|=0,

e, & &

since the x partial differentiation acts here on y and z, but not .

We have already shown that

_, Y _rdf
Vf(r) _QTE T ordr
Since of
r _
rXx <T dr) =0,

this means that

6.4 Operators quadratic in V

The gradient operator takes a scalar into a vector. Acting on the result with the divergence operator gives a
scalar again.

0*f 0%f O%*f

divgradf =V - (Vf) =V3f= 5+ -5+ 5 6.11

The resulting operator V? is called the Laplacian operator and it has already been used when discussing the
Legendre polynomials. Most of Physics seems to be governed by second order differential equations involving
the Laplacian operator. In the Quantum Mechanics course you have been looking at the Schrédinger equation
describing the motion of a particle of mass m with energy E in a potential V (r);

2
—;—mv2xlf+V(r)sz=E\1/. (6.12)

In electrostatics, you learned that the potential ®(r) due to a charge density p(r) satisfies the equation

1
47‘(50

Vi = — (6.13)
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There are, however, many more examples.
There are other operators which are quadratic in V, e.g.

9 06 9
56 0% 6o
A= curlgradg =V x (V ¢) = 5% oy o5 | (6.14)
& & €
This has an z-component of
0 0 a 0
= p— —— =0 6.15
Oy 0z ¢ 0z y ( )
for any reasonable function ¢(z,y, z). Thus
Vx(¥Veé)=0. (6.16)
You should all recognise this result in the case of an electrostatic field with £ = —V ¢. The electrostatic
field is irrotational
VxE=0. (6.17)
By writing things out in component form, one can easily show that
0 (0A 0A 0 (0A 0A 0 [(0A 0A
V- (VY xA)=— 2 _ ¥ — z_ == — Y 2] =0. 6.18
V- (¥x4) 8:6(8@/ 8z)+8y(8z 8x>+3z(8x 8y) (6.18)

This is another useful result in electromagnetism. The magnetic induction field B is solenoidal, i.e. V- B = 0.
Hence, using Eq. (6.18), we can write
B=VxA. (6.19)

In Electromagnetism, A is called the magnetic vector potential. Though this is not currently used in the second
year E&M course, it will be needed later in the quantum description of the interaction of radiation with matter.
The magnetic potential seems just to be some artificial construct introduced to make B automatically solenoidal
and so it needn’t correspond directly to a measurable physical quantity. Nevertheless, the Aharanov-Bohm effect
in Quantum Mechanics shows that certain features of the magnetic potential have experimental consequences!

Another quadratic relation is
Vx (¥ x A)=V(V - A) - V?4. (6.20)

In words this is
curl (curl A) = grad (div A) — del squared A.
This can be proved by writing everything explicitly in terms of components, but there are other methods.
In the 1B21 course, it was shown that for ordinary vectors

d=ax(bxc)=(a-c)b—(a-b)c. (6.21)

The trouble about using this relation is that, when b is also a differential operator, we are not allowed to change
the order at will. Hence write it in the symbolic component form

di = Z(aj bi Cj —ay bj C,’) s (622)
J
where we have NOT altered the order of the vectors. Now put a = b=V and ¢ = A. Since a and b are now the
same operators, it doesn’t matter in which order we write them. Hence

d; = (ViV;A; = V;V;A;) (6.23)

J

which is just the component representation of Eq. (6.20).
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6.5 The Divergence Theorem

Two-dimensional integrals were discussed in the 1B21 course. These have to be generalised a bit in order to
introduce the Fluz of a Vector Field.

An infinitesimal integration element dS = dx dy is a small bit of the x — y plane of area dx x dy. Planes,
however, have directions given by their normals. In this case, the normal is along the z-axis, which means that

the integration element is really the vector
dS =dzdyé, . (6.24)

This is just one particular example, but in general
dsS =dSn, (6.25)

where 7 is the normal to this small bit of plane.

To understand the concept of vector flux, consider a simple example from fluid flow where a liquid of density
p is moving with velocity v through a surface S. The amount of mass that passes through an element dS per
unit time depends upon the component of v perpendicular to dS;

dm = pvcosfdS =pv-dS, (6.26)

where 60 is the angle between v and 7.
If we define a vector field by F = pwv, then the rate of flow (flux) of mass per unit time is

dm=F-dS, (6.27)

and the total flux through the surface is
m:/E-@:/E-ﬁdS. (6.28)
s s

You will have seen integrals of this type in Faraday’s law of Magnetic Induction.
Consider now the flux of a vector through a closed surface, such as the infinitesimal cube in the picture.

2
6
0 3k 1
dy
4
(z,y,2) dz

We are going to build up the total flux through the six sides by evaluating each face separately, starting
with face-1. The normal to this surface points in the positive z-direction, so that dS = dy dz é,. Note however
that the value of the a-coordinate is x + dz, since the lower right-hand corner has been taken to be (z,y, 2).
Therefore the flux is

I = /E(x +dz,y,z)é,dydz = Fy(x +dx,y,z)dydz . (6.29)

On face-2 the normal to the surface points in the negative z-direction, so that dS = —dydzé, and I» =
F,(z,y,2)dydz. The sum of the flux through these two faces is

L+ L= (F(zx+dx,y,z) — Fp(z,y,2)) dydz . (6.30)
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Since dx is very small, we can expand F} in a Taylor series in dx, keeping just the first two terms:

Pl doy,2) & Fa(r,,2) 4 do o Py, 2) (6.31)
0

L+1L= 6—Fx(x,y, z)drdydz . (6.32)
x

Adding the contributions from the other two pairs of sides,
/E-ﬁ:(Z-E)dxdydz:(y-E)dV. (6.33)
s

This is the infinitesimal form of the divergence theorem. The integral over a closed surface of the flux of a
vector field is equal to the volume integral of the divergence of the vector.

J@-pav=[ras. (6.34)

If we put two such cubes together, the flux terms cancel on the common surface because the normals are in
opposite directions. The volume terms just add. Hence the integral form of Eq. (6.34) is valid for the two cubes
together. We can build up any closed shape if we take enough infinitesimal cubes. Try building a model of Big
Ben out of Lego bricks! The divergence theorem is therefore true generally.

The divergence theorem is much used in electrostatics, where the divergence of the displacement vector D

is proportional to the charge density;
1

V-D=- . 6.35
V-D=— o) (6.35)
Integrating this over a volume V' and using the divergence theorem, we have

Q 1

“—— [ pav=[(v-Dyav= [ D-ds. (6.36)

€ foJv v s

The electric flux through a closed surface S is equal to the amount of charge contained therein. This is known
as Gauss’s theorem.

As a simple application of the law, consider a spherically symmetric charge distribution. This gives rise to a
spherically symmetric electric field D = D, ¢,.. If we take the surface S to be that of a sphere of radius r, then
the normal to the surface lies along the radius vector. Hence

Q

/Q-ﬁ:zlwrQDT:—- (6.37)
s €o

This gives the standard result that D, = Q/4weqr?.
Example

Find the divergence V - A of the field
A=uaye, +yé, + 2%, .

For a right cylinder defined by 22 +42? < 1 and —1 < z < +1, derive the volume integral of the divergence of A.
Verify the divergence theorem in this case.

(%)

A=
V-4 ox dy 0z

=y+1+322.

Integrating over the cylinder,

1 27 +1 1 27
I:/ Z-AdV:/ rdr/ de/ dz(y+1+322):/ rdr/ o [(y+1)z+ 247, .
1% 0 0 —1 0 0
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To proceed further, change to polar coordinates y = rsinf. Since the integral of sinf from 0 to 27 then
vanishes, we are left with

1
I:/ rdr(8m) =4m.
0

To verify the divergence theorem, split the surface integral into ones over the caps of the cylinder and one
over the curved part.
On the top cap, n = ¢, and A -7 = 23 = 1.

1 27
Ilz/rdr/ do =m.
0 0

On the bottom cap, the outward normal changes sign, but so does z3, which means that this surface integral
is also I, = 7.
On the curved surface i =7 = cosf ¢, +sinf ¢, so that

A =zycosh+ysind = cos? 0sinf + sin? 6 .

27 +1 27
Is = / do / dz (cos2 0 sin 6 + sin? 0) =2 / df (cos2 0 sin 6 + sin? 0) .
0 -1 0
The first integral on the RHS vanishes because

27 6=2m
/ df cos® fsinf = — / cos? 0 d(cos 0) = cos® 9‘223” =0.
0 =0

On the other hand,
2m 2m
/0 dﬂsin29:%/0 df (1 —cos20) = £[0 —sin20/2]5" = .

Hence I3 = 27 and I; + Is + I3 = 4w, which verifies the divergence theorem in this case.

6.6 Stokes’ Theorem

Stokes’ theorem states that the surface integral of the curl of a vector is equal to the line integral of the vector
along the contour surrounding this area

/S(ZXB-ﬁz/LE-ﬂ. (6.38)

We have to be slightly careful here. The sign of the normal to the surface is given by the corkscrew (right-
hand) rule when going round the contour L.

The method of proof is very similar to that of the divergence theorem. We start by taking an infinitesimal
rectangle in the x — y plane, as in the picture.
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A

4
({E, y) dx

\'

Start at the bottom-right corner and go round anti-clockwise, 1, 2, 3, and 4. Since, along path-1, d/ is

parallel to é,,

y+dy
I, = / Fy(z+dz,y)dy ~ F,(z +dz,y) dy (6.39)
y

for small dy. On the other hand, along path-3, d¢ points in the negative y-direction, so that I3 ~ —F(z,y) dy.
The sum of these two contributions is

0
L+ 13 = (Fy(z + dz,y) — Fy(z,y)) dy = %Fy(m,y) dx dy . (6.40)
Adding the contributions from the other two paths, we see that

0 0
[ B dt= (R - o Fulen) ) dedy = (€ B) - dS. (6.41)

since dS lies in the positive z-direction (using the right-hand rule convention).

This proves Stokes’ theorem for the very small rectangle. Any surface can be constructed as a sum of in-
finitesimal plane rectangles so that we can sew them together and prove the theorem for an area of arbitrary
shape in three dimensions. Note that along the common line between two such rectangles, the line integrals

cancel, so that only the path around the periphery of the combined area is left.

Example

Verify Stokes’” theorem for the vector field A =2y e +3x ¢, —22 ¢, and a hemispherical surface 22 +y%+2%2 = 9

for which z > 0.
Start by working out curl A.

é;r éy éz

0 0 0 - . . A
ZXA: Dz (971/ EP :[O—O]QI—[O—O]Qy-’-[?)—Q]gZ:QZ.

2y 3x —2°

Since the surface is that of a hemisphere centred at the origin, the normal to the surface is
L we,tye, +ze,
n=r—-——m——— y
r
and .
(VxA)-~=-=cosh.
r
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It is easiest to do the integration over the surface in polar coordinates, where dS = 9sin 6 df d¢;
™ 2 T [P
/(Z x F)-dS = 9/ sin 6 cos 6 df / d¢ = 97r/ sin20df = 7[60529]3 =97.
s 0 0 0

On the other hand, along the circle 22 + y? = 9, we use plane polar coordinates x = 3cos ¢, y = 3sin ¢,
dl = (=3singé, +3cospé,)de.

2
/A-ﬂ:/ (6singé, +9cospé,) - (—3singé, +3cos¢é,) do
L 0
2T 27
:/ (27 cos® ¢ — 18sin? @) dop = 27 {2—9] =9r.
0

The last integral can be done with the standard trigonometric identities, but I used the result that, averaged

over one period, < cos? ¢ >=< sin? ¢ >= %

6.7 Coordinate-Independent Definitions

The forms of div, grad and curl have been defined in Cartesian coordinates, but we must now evaluate them in
other coordinate systems. The three formulae needed are

df = (N f)-dr, (6.42)

for any infinitesimal change in the position vector r.

. 1
V-F—‘llino{v /SFdS} (6.43)

for a very small volume.

(VxF)-S’:lim{;/LF-df} (6.44)

S—0

for the component of curl in the S direction.

6.8 Spherical Polar Coordinates

It would be ridiculous to work out the potential due to a charged sphere in Cartesian coordinates rather
than spherical polars. Similarly, for a dielectric cylinder, use cylindrical polar coordinates. Three-dimensional
problems are quite difficult enough; the symmetry of the problem must be used to simplify the problems as
much as possible. In mathematics books like Arfken and Weber, you will find that there are 14 useful coordinate
systems! However, in all my research areas, I have only ever used four and in this course I am only going to
discuss three, viz Cartesian, Spherical Polar, and Cylindrical Polar coordinates.

The Cartesian components of a point 7 in spherical polar coordinates (r, 8, ¢) are given by

x= rsinfcos¢,
y= rsinfsing,
z = rcosf . (6.45)
The basis vectors in this system can be found geometrically if you are good at drawing in three dimensions.
They are
é, = sinfcos¢é, + sinGsinqSQy +cosbé,
éy = cosfcospé, + cos&sinqﬁéy —sinfé, ,
éyp = —singé, +cospé, , (6.46)

76



which satisfy
e, X &g = &y (6.47)

This shows that the basis vectors in this system form a right-handed perpendicular system.

Differentiating Eq. (6.45) with respect to r, 6, and ¢, we see that
dr =dre, +rdféy+rsinfdpe, . (6.48)

This can also be seen geometrically with a nice picture.
The volume element is the product of these three terms (much simpler than working out the Jacobian)

dV =r? sinfdrdfdo , (6.49)
and the elements of area pointing in the directions of the basis vectors

dS, = r?sinfdhdo,
dSy = rsinfdrde,
dSy, = rdrdf. (6.50)

Boas, and other books, evaluate everything for a general coordinate system in terms of the so-called scale-
factors of the metric h;, defined by

3
dr =" hi(dz);é; . (6.51)
=1

Since we are here only going to look at two coordinate systems, I prefer to do things explicitly and not use the
h;.
We first work out the expression for the gradient in spherical polar coordinates:

Vi= e+ focg+ (Y foéy- (6.52)
From Eq. (6.42),

df = (N f)-dr=((Nf)r & + (N floeg+ (N f)g &y) - (dré, +rdf ey +rsinfdpe,)

=(NVf)rdr+ (N flordd+ (VY f)yrsinfde. (6.53)
But, from the chain rule for partial differentiation,
df:ng+aid9+aid¢. (6.54)

or 00 0¢
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Comparing the Egs. (6.53) and (6.54), we can read off the spherical polar components of the gradient;

_ of
(Yf)r - Ea
_1of
(yf)e - ;%7
1 of
NV fle = rsind 06 (6.55)

To find the expression for the divergence, evaluate the flux of the vector F(r,0 ¢) through the sides of the
little hypercube (dr,rdf,rsindd¢). The net flux through the two sides with constant r are

I, + I, = Fo(r + dr,0,¢) (r + dr)? sin@df dp — F,.(r,0,¢)r* sinf df do

R~ 82 (r* F(r,0,¢)) dr sinfdf dg . (6.56)
r

Note that, not only does F,. change when r increases, but so does the area factor r2.

Doing the same thing for the change in the § and ¢ coordinates,

Is+ Iy = Fp(r,0 + db, ¢) r sin(0 + dO) dr dp — Fyp(r,0, ) r sin @ dr d¢

~ % (sin 6 Fy(r,0,6)) r dr df d . (6.57)
Is+ I = Fy(r,0,¢ + do) rdrdd — Fy(r,0,¢) rdrdd = % (Fyp(r,0,¢))rdrddde. (6.58)
Thus, from Eq. (6.43),
1
V= b dods
o, _ a P
E(r F,(r,0,))drsin6df dp + %(sm9Fg(r, 0,¢))rdrdddp + a—gb(Fqg(r7 0,¢))rdrddde
10, a . 1 9
=25 (r* F(r,0,9)) + snd 90 (sin@ Fy(r, 0,9)) + rsind 96 (Fy(r,0,9)). (6.59)

Note that, even if all of the components of F are constant, the divergence does not vanish because of the
changing geometry in spherical polar coordinates.

Since we now have expressions for both the gradient and divergence in spherical polar coordinates, we can
also work out that for the Laplacian by substituting Eq. (6.55) into Eq. (6.59);

2y _ L O (2OV L0 (L GOV L0 (O
viv= " or )t 2o o0 sin 00 +r2s,in29 o \0¢p )~ (6.60)

This agrees with the formula of Eq. (2.29) that we obtained by manipulating the partial differentiatals.
Using exactly the same techniques on Stokes’ theorem allows us to obtain the expression for the curl. To get
the r-component, look at the line integral around the elementary contour of the figure.

rsin(f) do

rdo rdo

rsin(f + db) do
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On curve-1, the polar angle is fixed at 6 4+ df and the length is r sin(6 4 df) d¢, whereas on curve-3 the angle
and length are 6 and 7sin @ respectively. On curves-4 and -2, the azimuthal angles are fixed as ¢ and ¢ + d¢

respectively, whereas both lengths are equal to r df. The line integral of F is
F-dl=

L
Fy(r,0+db,¢)r sin(f +db)dp — Fy(r,0,¢ +dp)rdd — Fy(r,0,¢)r sinf dp + Fp(r,0, ¢) r df
0 Fy(r,0, d))} rdfde.

a ..
~ {89 {sinf Fy(r,0,¢)} — 9

From Eq. (6.44),
~ . 1
(VxF)~S—é:H%){S/LF~cM} :
so that
@ xE), = — 12 tin0Fy(r,0,6)) — 2 Fo(r,0,0)
== giné 898 oA o9 o .
The other two components are evaluated in much the same way. The results are
(VX F),= ! iF(r@(;S)fsintﬁ)g{rF(rtﬁ)gi))}
=770 rsing 0 or ALY ’

©x )= {2 R0 - G R60.0)

0 (rsinf) = cot 6.

Example
Evaluating the divergence of F' = r ¢, in spherical polar coordinates gives

1
v-E= rsin @ 00

In Cartesian coordinates,
I =rcosfcosgé, + rcos&smgﬁgy —rsinfeé, .

But
[o2 2
cosé’zi7 sinﬁzxi—i—y,
r T
z sing = ——2 .
V2 + g2
vz

CoOSp = ——,
Va?+y?
Thus o 2y
_ 5 5 21 .26
BRVCET R
2 2y?

V.- z 2 z
~= (22 +y2)1/2 (22 +42)3/2 T (22 +y2)1/2 (22 4 42)3/2
_ ety = = cot §
(22 +92)32 /a2 442 '

When working out the curl of F, only the ¢ component survives and we are left with

VxF= 2é¢ .
In Cartesian coordinates,
€y € é,
) 9
dz

9
VxF= oz dy
2T 2y ) r2 2
—\/ T
\/zeryz \/x2+y2 Ty

éy = —2sin¢é, +2(:os¢éy = 2§¢.

y &y +2———
+y
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6.9 Cylindrical polar coordinates

The other coordinate system introduced in 1B21 is cylindrical polar coordinates, defined in terms of Cartesians
by

r= rcosf,
y= rsinf,
z= z. (6.65)

The basis vectors can be obtained geometrically; the z coordinate works just like a standard Cartesian
coordinate and the polar part can be plot in a plane. €., é,, and ¢, are defined as the directions in which the
point P moves when the coordinates r» and # and z are increased by a very small amount.

|
|

cosbé, +sm9§y,

€y = —sinfé, +Cost9§y ,
e, = &, (6.66)

AL

€y & é,

P
r
6 ey
The basis vectors form an orthogonal system with
ér X é@ = éz . (667)

Note that r is used for the radius vector in the plane and cannot be used simultaneously for the position

vector. For this, we shall use a capital,
R=re. +z¢,, (6.68)

When the coordinates change by infinitesimal amounts, the position vector changes
dR=dré, +rdféy+dzé,. (6.69)
The volume element is the product of these three terms
dV =rdrdfdz, (6.70)

and the elements of area pointing in the directions of the basis vectors

ds, = rdfdz,
dSy = drdz,
dS, = rdrdf. (6.71)

The gradient in cylindrical polar coordinates is obtained from

df =((Vf)ré,+(Vfloég+(V[f):e.) (dré.+rdiéy+dzz) = (V f)rdr+ (N flordd+ (V f).dz. (6.72)
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We can now read off the cylindrical polar components of the gradient using the chain rule for partial differ-

entiation:
wn = I
(5o = o0
~Vf). = %~ (6.73)

To work out the divergence, we must first evaluate the flux through the hypercube. Proceeding as for the
spherical polar coordinates, this is

[E(r+dr6,2)(r+dr) — F.(r,0,z)r] dddz
+ [Fy(r,0+db, z) — Fy(r,0,2)] drdz

+[F.(r,0,z 4+ dz) — F.(r,0,2)] rdrdf. (6.74)
Hence
| Feas= O Fr0,2)) 4+ D Fy(r0,2) + 1+ L Fo(r6,2) b drdod (6.75)
L dS~ 5, (7 Fv(r,0,2 gglo(r0,2) +r=-F.(r,0,2) cdrdfdz. :
Thus, by Eq. (6.44),
1(0 3} 0
V-F= - {87" (rFe(r,0,2)) + %FQ(T,H,Z) +r aZFz(r,Q,z)} . (6.76)

It is then straightforward to use Eqgs. (6.73) and (6.76) together to get an expression for the Laplacian
operator in cylindrical polar coordinates:

ViV =

2 2
1a(av> 1%V PV 677)

ror\"ar ) T T e
To find the z-component of curl, look at the line integral around the elementary contour of the figure. On
curve-1, the radial variable is fixed at r + dr and the length is (r + dr) df, whereas on curve-3 the radius and

length are r and r df respectively. On curves-4 and -2, the angles are fixed as 6 and 6 + df respectively, whereas
both lengths are equal to dr. The line integral of F is

/ F-dt=Fy(r+dr6,z)(r+dr)dd — F.(r,0 +db,z)dr — Fy(r,0,2)rd0 + F.(r,0, z) dr
L

0 0
~ {87‘ {rFp(r,0,0)} — 20 FT(T,&QS)} drdf . (6.78)
rsin(f) do
rdf rdo
rsin(f + df) do
Hence L (o 9
(ZXE)Z:; {87" {TFQ(T,9,¢)}— %FT(T797¢)} . (679)
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The other two components are a little easier to work out:

1 OF, OFy

(VxE) =T ~ 55 (6.80)
oF, OF,
(z X E)Q = Oz - or : (681)
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