Lecture 5 — Scattering geometries.

1 Introduction

In this section, we will employ what we learned about theratéon between radiation and
matter, as well as the methods of production of electromagaad particle beams, do describe
a few “realistic’ geometries for single-crystal and powdéfraction experiments. Throughout
this discussion, we will assume that the crystals undersinyation are “ideal” — in particular,
that they are free from defects and have perfect transktiomariance (i.e., they are of infinite
extent). At the same time, we will assume that the interadbetween the beam and the crystal
is “weak”, so that we can ignore multiple-scattering effelhis approximation is known as the
kinematic approximation. We will relax the kinematic approximation at the end of tleisture,
where we will discuss (somewhat qualitatively) the soamhtlynamical diffraction. The next
lecture will be devoted to the discussion of crystal defestisrting from the ones arising from
the finite size of real crystals.

2 Cross section for a “small” perfect single crystal

Our goal in this section is to calculate the scattering ceegsion from a “small” single crystal.
We will employ a series of key assumptions, some of which mellater relaxed.

e The crystal is large enough that we can effectively sum onéirdinite” number of unit cells.
This seems a paradoxical assumption, especially for whataa “small” single crystal,
but it turns out that crystal size effects are not importaetnefor a crystal as small as 10
pm. In the next lecture, we will relax this approximation aradcalate the cross section
including finite-size effects.

e The crystal is small compared to the geometrical distantédseomeasuring apparatus. This
means we can still use the “far-field” approximation we hargkyed throughout the
derivation of the atomic scattering cross sections. As vedl she at the end of this lecture,
relaxing this approximation is essential to discuss dyeahdiffraction effects.

e We can neglect multiple scattering — in other words, we wolsider the scattered wave as
freely propagating outside the sample and towards the wet€ethis is a severe approx-
imation, which in most cases is far from the truth. One firsypde correction to this
approximation is made by consideriagenuation effects both of the incident beam and
of the scattered beam. In other words, we could say that sdries oncident/scattered



beam is simply lost because it is absorbed by the samplé, itsat is scattered in a di-
rection other than that of the incident or main scatteredriseaHowever, this correction
is in general not sufficient for large crystals, this simpkenématic” theory of crystal
scattering becomes inadequate and one has to tackle thiemrobthe framework of the
so-called tynamical theory” of crystal scattering. The most general manifestatiorhef t
inadequacy of kinematic theory is the fact is not energyseoving. We will discuss these
issues later in the course.

e We consider the crystal to be “perfect”, most notably pelfegeriodic. This is, of course,
never true, most notably due to atomic vibrations. We wi skortly how to take atomic
vibrations into account in calculating the cross secti@iber types of defects (e.g., point
defects, dislocations etc.) will be discussed in the nestule.

For the sake of argument, we will treat the case of X-rayboalgh, as we shall see, the other
cases (neutrons, electron beams) yield very similar resuking the far-field approximation, we
can develop exactly the same argument we used to calcutatertin factors, but, this time, we
extend the volume integral to thehole crystal Following the same procedure explained in the
previous lecture, the scattering density becomes:
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We can exploit the fact that the charge density is periodithat, ifR; is a lattice translation and
r is restricted to the unit cell containing the origin:

JR)=F(Ri+r1)=f(r) (2)

whence the scattering amplitude becomes
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where the summation runs over all the unit cells in the cty3tae expression
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is known as thestructure factor.

The structure factor is proportional to the Fourier transfo rm of the charge density (or,
more in general, scattering density) integrated over the uit cell.

If the electron density (r) is a superposition of atomic-like electron densities, éasy to show
that /'(q) can be written as

F(q) =79 falq)e @™ (5)

where the sum runs over all the atoms in the unit cell #nd) are the form factors of each
species and, are their positions within the unit cell.

We can now calculate the cross section:

g_g = A(q)A*(q) = (Z > e‘“"(Ri‘Rf’> F(a)f[e- €]’ (6)

We now introduce the fact that the double summation in paes@s can be consider as running
over an infinite lattice. Consequently, all the summatiorex olabelled byr; are the same (they
only differ by a shift in origin), and the summation ovecan be replaced by multiplication by
N, — the number of unit cells in the crystal( o).

As we have already remarked, the remaining single summgtiomly non-zero whewy is aRL
vector. Ifq is restricted to the first Brillouin zone, we can write:

i(q) = (271r)3 /dxeiq'x o~ (22;?)3 Ze’iq'm (7)

where, is the unit cell volume. For an unrestricteg the same expression holds with the
left-hnand member replaced by a sum of delta functions ceérdteall reciprocal lattice nodes,
indicated withT in the remainder. With this, we can write the final expressmmthe cross
section:
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As in the case of the scattering from a single electron or atbe terme - €]° needs to be
averaged over all this incident and scattered polarisatigielding apolarisation factor P(~),
which depends on the experimental setting. For examplgrfampolarised incident beam and
no polarisation analysis:

1+ cos? 7y

PO = |5

} unpolarised beam (9)

The final general expression for the average cross section is

(10)

Let’s recap the key points to remember:

The cross section is proportional to the number of unit cellsn the crystal. The bigger
the crystal, the more photons or particles will be scattered We can clearly see that
this result mustinvolve an approximation: the scattered intensity must regh a limit
when all the particles in the beam are scattered.

The cross section is proportional to the squared modulus ofhte structure factor (no
surprises here — you should have learned this last year).

Scattering only occurs at the nodes of the? L. For a perfect, infinite crystal, this is in
the form of delta functions.

The cross section contains the unit-cell volume in the denamator. This is necessary
for dimensional reasons, but it could perhaps cause surpres After all, we could

arbitrarily decide to doublethe size of the unit cell by introducing a “basis”. The
answer is, naturally, that the | F'(7)|* term exactly compensates for this.




3 The effect of atomic vibrations — the Debye-Waller factor

3.1 D-W factors — qualitative discussion

Up to this point, we have explicitly assumed perfect pecigi— in other words, that the elec-
tron densities of all the unit cells are identical, or, fooratc-like electron densities, that the
atoms are in identical positions in all unit cells. This i§,course, never the case. Atoms are
always displaced away from their “ideal” positions, primhadue to thermal vibrations, but also
due to crystal defects. We now want to examine the effectedaldisplacements and relax the
perfect periodicity condition. Let us re-write the expiieasof the scattering amplitude (eq. 3),
adapted to the atomic case (we omit the polarisation feie:tovz’]2 for simplicity):

Ala) =m0 ) e ) fulqper (1)

whereu,, ; is thedisplacement vectacharacterising the position of the atom with labeh the
ith unit cell.

The expression 11 would be appropriate $taticdisplacements. However, typical phonon fre-
guencies at room temperature are of the order of a few THzye®lsethe typical diffraction
experiment last several minutes, so some time averagirigaslg required. Herein lies an im-
portant question: what do we need to average — the cros®seamtithe scattering amplitude?
In the former case, each scattering event would see an tasgwus “frozen snapshot” of the
crystal, and the final “pattern” would result from a superpos of these “snapshots — obtained
by simply adding up the intensities. In the latter case, ttadtering density (electron density,
nuclear density) around each site will be “smeared out'ttprauch as we have seen to be the
case for the form factors. We give here a “hand-waving” arguinof why the latter strategy
is the appropriate one, deferring to more advanced coungefulli derivation, which involves
the calculation of the full dynamical structure factor. ksence, Bragg scattering is an elastic
process, so the energy transfer is exactly defined (zerbjdrcase). Since energy and time are
conjugated variables, if energy is completely determirrehttime must be completely unde-
termined — in other words, Bragg scattering must result ftone averaging of the scattering
amplitude So, to summarise this discussion



Atomic vibrations “smear out” the scattering density, acting, in a sense as an additional
“form factor”.

e The higher the temperature, the more the atoms will vibrate the more the intensity will
decay at high g. This is easily understood by analogy with théorm factor f(q): the
more the atoms vibrate, the more “spread” out the scatter8iry density will be, the
faster the scattering will decay at highg.

e The softerthe spring constants, the more the atoms will vibrate, the me the intensity
will decay at high q.

e The lighter the atoms, the more the atoms will vibrate, the more the intesity will decay
at high q.

3.2 D-W factors — functional form

Being content with this qualitative discussion for the moneve can re-write eq. 11 as
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where() indicates time averaging. Needless to say that the express{) does not depend on
i, since, once the averaging is performed, the position ofittiecell in the crystal is immaterial
(they will all average to identical values). We already seenf here thathe effect of thermal
vibrations can be incorporated in the structure factdp complete our derivation, we need one
more step, known as thgloch’s identity, which is valid in the harmonic approximation. We
will just state the result here:

(emiamni) — e ((iaun)?) _ o~ ((aun)®) _ ~W(an) (13)

W is a positive-definite quantity, known as tbebye-Waller factor. It is also aquadratic
function ofq, so its most general expression is

W(q,n) =U"(n)gq; = qU,q (14)

whereU% (n) is, in general, aensot

Here,n labels the specific atomic site.



3.2.1 Isotropic case

When all atoms vibrate with the same amplitude in all di@wisotropic case U%(n) is pro-
portional to the unit matrix and

(15)

With this, we obtain theyeneral expression for the X-ray structure factor in the isdropic
case

(16)

A very similar expression is found for tle®herentneutron factor in the isotropic case

F(a) = 32, bue e 0 (17)

3.2.2 General (anisotropic) case

A few words here for the general casaisotropic vibrations are actually very common, since
atoms tent to vibrate more in the directiparpendicularto the bonds connecting them. In the
first approximation, the average scattering density canppeoximated by a positive-definite
qguadratic form known as @ahermal ellipsoid. It is rather intuitive that these thermal ellipsoids
must be constrained by symmetry— in other words, if the atom is on a mirror plane, one of the
principal axes of the ellipsoid must be orthogonal to thee|atc. When one takes into account
he site symmetry, therefore, it transpires that only cert@imponents of/*(n) are allowed
on specific sites, and relations are set between componéthis wach U-tensor and between
U-tensors on symmetry-related sites.

3.2.3 Temperature dependence of the Debye-Waller factors

As we have seen in the previous sections, the Debye-Waltarrfes related to the amplitude of
the vibration and therefore both to tipponon spectrumand to thetremperature. It can be



shown (see [1] vol 1 p 108-110) thiar an isotropic, monoatomic solid of atomic massV/ the
expression for\v is:

h2q2
T AM

Z(w)

W(g,T) dw

coth(%hwﬁ) (18)

whereZ(w) is thephonon density of stateandg = 1/kgT.

Here we report the result forsaingle oscillator (Einstein model) whereZ (w) = §(w — wg):

h2q2
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Wg(q,T) Coth(%hwEﬁ) (19)

In spite of its simplicity, eq. 19 is often employed to fit trentperature dependence of the
Debye-Waller factors.

4 Laue and Bragg equations

The function in eq. 8 implicitly contains the geometrical catais for observing scattering
from a single crystal, which are traditionally namieglie equations?:

q = ha*+kb" +Ic*

(20)
q-a = (ky—k;)-a; =2nh
q-a = (ky—k;) a, =2k
q-a3 = (ky—k;) a3 =2nl (21)

whereh, k and/ are theMiller indices that we have already encountered.

The Laue equations are nothing but a re-statement of the fadhat g must be aR L vector

A second important relation can be obtained by considehiagibdulusof the scattering vector,
for which, as we have already seen (fig. 1 and eq. 22 are repedchere for convenience):

Throughout this part of the course, we will employ the conignthatgq is the change of wavevector of the
particle or photonsoq = k; — k;. the conventiory = k; — k identifiesq with the wavevectotransferred to the
crystal and is widely employed particularly in the context of iretla scattering
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Figure 1: Scattering triangle for elastic scattering.

B 47 sin 0

q=|q| = 3 (22)

The quantity

(23)

is known as thel-spacing From egs. 22 and 23 we obtain tlaeniliar formulation of Bragg’s
law:

As shown in Appendix Ithe d-spacing can be identified with the spacing between fates
of lattice planesperpendicularto a given RL vector.

5 Geometries for diffraction experiments

In general terms, the experimental apparatus to perfornfflaction experiment on a single
crystal or a collection of small crystals (powder diffract) will consist of

e An incident beam, which can benonochromatic or polychromatic. Thedivergenceof the
incident beam is of course an important parameter, in thagtérmines the uncertainty



on the Bragg angled. Various focussing schemes are possible to increase therfltixe
sample or at the detector position whilst limiting the logsasolution.

e A sample stagewhich enables the sample to be oriented (typically a simplexial rota-
tor for powder diffraction, a Eulerian cradle or analogotusiagements for single crystal
experiments). The sample stage also incorporatesdh®le environmentto control a
variety of physical £, T, H...) and/or chemical parameters.

e A detector, which includes a detector of photons or particles. Mankitetogies are available
(gas tube, scintillator, CCD, solid-state...), dependingthe type of radiation, detector
coverage and resolution required. This is normally mouatea separate arm, enabling the
20 angular range to be varied. On the detector arm, one oftes fititer devices, such as
asanalyser crystaland/orreceiving slitsto define the angular divergence of the scattered
beam and, in the case of the analyser, to reject parasit&ti@udue to fluorescence.

In this section, we will focus on two among the most imporiergortant geometries for diffrac-
tion experiments: thsingle-crystal 4-circle diffractometer and theDebye-Scherrer powder
diffractometer. Several other geometries are described in Appendix llhéir simplest form,
both these geometries employpaint detector, with a spatial resolution defined by a set of
vertical and horizontal slits. Early diffractometers madgensive use ophotographic film.
Modern single-crystal and powder diffractometers geherahploy apixillated area detector.

As an introduction to each method, we will describe two int@or geometrical constructions:
the Ewald construction (most useful for single-crystal experiments) and Debye-Scherrer
construction (for powder diffraction).

5.1 Single-crystal diffraction

5.1.1 The Ewald construction

As we have seen, the scattering cross section for a singétatig a series of delta functions
in reciprocal space, centred at the nodes of the recipratitdd. When a single crystal is illu-
minated with monochromatic radiation, the scattering aook are satisfied only for particular
orientations of the crystal itself — in essence, the spequaror-like) reflection from a family
of lattice planes must satisfy Bragg law at the given wavgien

With monochromatic radiation, for a generic crystal orientation, no Bragg scattering will
be observed at all.

The German physicist Paul Peter Ewald devised a very usefphigcal construction, known
as theEwald construction, to establish the orientation of the crystal axes with respe the
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incident beam required to satisfy the scattering condstioAlthough largely superseded as a
practical calculation device, Ewald construction is ofagneedagogical value to illustrate single-
crystal scattering (not exclusively with monochromatidiagion), and we will illustrate it here
in some detail.

The Ewald construction is made in the following steps (see fig®)

1. A reciprocal lattice plane, coinciding with thescattering plane is drawn first, in an
arbitrary orientation.

2. Theincident beam directionis then marked witla line through the origin of the RL.

3. Theincident wavevectork; is drawn with anarrow, with the point at the origin of
the RL and ofthe appropriate length to be at the correct scalgsame conversion, say,
betweerA~! and cnt!) with respect to thei L.

4. A circle centred on thetail of the arrow, andpassing through the origin of the RL is
drawn. In a full 3-dimensional construction, the circle \Wwbbe replaced with a spherg,
so they are both known as thsvald sphere

5. Scattering conditions are met whenetlee Ewald sphere intercepts one of theRL
nodes

6. To set the scattering ang!é (also refered to as in the remainder), one drawssacond
arrow with the same origin and length, making an angle26 with the first. This

arrow represents thecattered wavevectoik ;. The scattering vectay is obviously the
difference vectork; — k;.

7. To observe the effect of rotating the crystal, one cartedtse wholeR L. whilst keeping
k; andk; fixed.

8. To representrystal rotation by an angle, say, one shouldiraw a second reciprocal
lattice rotated byg with respect to the first. However, the drawing is a lot lessteted
if one rotates the incident beamby —¢ instead. This is done in several of the drawings
that follow.

9. Forwavelength-dispersive techniques, spheres ofdiffeadii are drawn to represent the
minimum wavelengtflarge sphere) antchaximum wavelengtfsmall sphere) employegd
in the experiment.

5.1.2 An application of the Ewald construction: azimuthal £ans

We can illustrate the usefulness of the Ewald constructjosttaightforwardly obtaining a non-
trivial result about crystal orientations riving rise t@#tering for a certaiR L noder. As we can

11
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Figure 2: A step-by-step illustration of the Ewald constimc.

see from fig. 3, we can rotate the whole Ewald constructionraddhe scattering vector whilst
maintaining the scattering conditions. In practical terorge rotates therystalfor a constant
beam direction — an operation known aseammuthal scan Theintensityof a Bragg reflection
does not in general remain constant through an azimutha) beaause of beam attenuation and
multiple-scattering (dynamic) effects (see below).
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Figure 3. Ewald construction illustrating how Bragg scaitig conditions are maintained during
an azimuthal scan.

5.1.3 Four-circle diffractometry

For single-crystal experiments with monochromatic radmatit is quite apparent that one should
strive to maintain the maximum flexibility in orienting theystal. One way to accomplish this is
to mount the crystal in akulerian cradle as illustrated in fig. 4 (note the alternative nomencla-
ture for the angles). The whole assembly, including theaetearm, is known as #our-circle
diffractometer. With a four-circle diffractometer, one can in principleafbing mechanical col-
lisions and shadowing effects) access all nodes of thenmzapspace that are accessible for a
given wavelengh. It is an easy exercise in the Ewald constru¢left to the reader) to show
that the accessible nodes are contained within a spheréiofrar/\, centered on the origin of
reciprocal space. This is equivalent to saying thatshortest accessible d-spacing is 1/2 the
wavelength— a statement that can be easily verified from Bragg law byrgeftto have its
maximum value §0° in backscattering; th&/2 limit is often referred to as thBragg cut-off).

Modern four-circle diffractometers often employ an altgive, more open geometry, known as
x geometry, here thex-axis, which replaces thg-axis, is not perpendicular to the-axis, but
forms an angle of approximatety)° with it.
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Figure 4. The geometry of a “four circle” single-crystalfdaictometer. The “four circles” (actu-
ally four axes) are marked”, “ ", “ Q" and “26”. The 20 and() angles are also known gsand
17 — a notation we will often employ in the remainder to avoidttduand confusion with other
symbols (e.g., the solid angle)

5.2 Powder diffraction

5.2.1 Debye-Scherrer cones

A “powder” sample is a more or less “random” collection of $inséngle crystals, known as
“crystallites”. As explained more thoroughly in Appendi, Ithe cross section for the whole
powder sample depends on thenodulusof the scattering vectorq but not on its direction.
For a monochromatic incident beam, tb#e anglebetweerthe incident and scattered beam is
fixed for a given Bragg reflection, but, as we just said, theleaagundthe incident beam is
arbitrary. It is easy to understand that tleeus of all the possible scattered beams isane
around the direction of the incident beam.

For monochromatic powder diffraction, the scattered beamsform a series of cones
(fig. 5), known as Debye-Scherrer cones (D-S cones in the remder), one for each
“non-degenerate” (see below) node of the reciprocal latte.

It follows naturally that all the symmetry-equivalent RL nodes, having the same, con-
tribute to the same D-S coneThis is also illustrated by the Ewald construction in fig. 6.
Moreover, accidentally degenerateeflections, having the same; but unrelated hkl’s, also
contribute to the same D-S cone. This is the case for examplfar reflections [333] and
[115] in the cubic system, since? + 3% + 32 = 12 + 12 4 5°.
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Figure 5: Debye-Scherrer cones and the orientations oktiseo$ Bragg planes generating them.

5.2.2 The Debye-Scherrer geometry

The Debye-Scherrer geometry employsaaallel beam, and the sample has a roughly cylindiri-
cal symmetry. The sample is contained in a tube (neutrorcsghary (x-rays), and is uniformly
illuminated by the incident beam. The detector(s) are plamea "detection cylinder” (fig. 7,
generally covering only a small portion of the cylinder, néd@e scattering plane. The typi-
cal set-up used for laboratory x-ray diffraction employsrayle detector, and a series of slits
(often of the multi-lamellar type, known as “Soller slitd define the incident and scattered
beam directions. The main advantage of this geometry isithsiteasy to rotate the sample
around its axis, thereby obtaining a good powder averagelanéating at least part of the non-
randomness of the real powder samplee{erred orientation). Also, geometrical aberrations on
the Bragg peak positions can be reduced or eliminated byasnmgl Soller slits. Therefore, the
Debye-Scherrer geometry is generally employed to obtaamgative intensity measurements.
Another advantage of this geometry is that it is easy to usgyrdatectors simultaneously, as it
is done in reactor-based neutron diffractometers, such2ésabd D2B at the ILL (see feig. 7.
There are several variants of the Debye-Scherrer geondtigting mainly for the degree and
type of collimation, the type of monochromator and the detetechnology. An important class
of instruments, for both x-rays and neutrons, employs alipesition-sensitive detector (PSD)
without scattered-beam collimation. This results in a Varge increase of count rates, at the
expense of introducing some aberrations. Another impbosanant is the analyser geometry,
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Figure 6: Ewald construction for powder diffraction, to repent the crystal being rotated ran-
domly around the direction of the incident beam (the figureiaty shows the opposite, for
clarity).

where the Soller slits on the scattered beam are replacadawianalyser crystal. This results in
a considerable intensity loss, but with a much-enhancedutisn and precision. The analyser
geometry is frequently employed at synchrotron sourcagplea with a parallel incident beam.
Fig. 8 shows a comparative example of X-ray and neutron hegblution data collected on the
same compound using variants of the the Debye-Scherreregfepm

A B

pho‘lographc I 100 shutter
film |

Instrument shutter

Sample table / | ‘
& goniometer

Beam — . 71
stop

N/

Monochromator

Detector bank
(44 3He tubes)

Figure 7: The Debye-Scherrer powder diffraction geometsyimplemented on a film camera
(A) and on a modern constant-wavelength powder diffractoniB)e Note that, in the latter, the
film has been replaced with an array*dfe gas tubes.
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Key points to retain about powder diffraction

¢ In powder diffraction methods, the intensity around the D-Scones isalways integrated
yielding a 1-dimensional pattern.

e Powder diffraction peaks are usually well-separated at low;, but become increasingly
crowded at high ¢ often becoming completely overlapped. This substantiallyeduce
the amount of information available to solve or refine the stucture precisely (see
below).

6 Profiles and integrated intensities

In all the techniques mentioned in the previous sections eeasured either a certain number of
“counts” in the detector (“counting” detectors) or a contus variable (e.g., the “blackening”
of a photographic film, the amount of charge stored in a Ch@gépled Device (CCD) or in an
image plate, etc). Provided that the detector is well desdgit is possible to recover this value
guantitatively and employ it to learn something about thesta structure (see below). As we
have seen in the previous example, the detected intensitg£dn the form okpots rings or
1-dimensional peaks depending on the technique one employs. With linear mosgensitive
detectors or area detectors, the scattered intensity isnargl distributed among more than one
“pixel” or “bin”.

When dealing with diffraction data from crystalline matter, one is in general left with two
choices:

e Sum up the pixels or bins pertaining to a single node of the? L, obtaining the so-called
integrated intensity This is the method of choice forsingle-crystal diffraction As one
can perhaps guess from eq. 1@he integrated intensity is proportional to the square
modulus of the structur factor, but with some important geetnical factors.

j

e Retain the separate pixels and analyse thprofile of the peaks. This is the method of
choice forpowder diffraction where peak overlap prevents unambiguous assignment
of the intensity to a single RL node. In this case, single-node integrated intensitieg
are extracted as part of the analysis.

In either case, an essential step in the quantitative asabydiffraction data isto calculate
integrated intensities from the expression of the cross seon (eq. 10)

The calculation is slightly different for different experental geometries, but in all caskis
always involves converting the 3-dimensionad- function in eq. 10 into appropriate polar
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Figure 8: X-ray and neutron high-resolution powder diffraic at a glanceA: neutron powder
diffraction (D2B-ILL, Grenoble, France\ = 1.594) andB synchrotron x-ray diffraction (X7a-
NSLS, Brookhaven, USA) = 0.5000) data on the pyrochlore compound,¥In,O,. Both
instruments employ variants of the Debye-Scherrer gegmbiiote how the intensity decays at
high ¢ much more for the X-ray data, due to the X-ray form factor. $trecture is cubic, and
peak overlap is minimal for the neutron data, but it is cheaitible at highg for the X-ray data,
collected with a much shorter wavelength. Both data set$itéed using theRietveld method
(see below)

coordinates, followed by integration over some of the varibles. Calculations for different
experimental geometries are providedppendix 111 .
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The key point to remember are the following
e The integrated intensity can always be reduced to a dimensibess quantity (counts).
e The general expression for the integrated intensity (numbeof particles) is

P, = N, (d—g) ma |F(T)]> P(Y)LA) AN, 7) Fine (25)

Vo

where

- N, is the number of unit cells in the sample.

d is the d-spacing of the reflection.

v IS the unit-cell volume.

- m. (powder diffraction only) is the number of symmetry-equivalent reflection$his
accounts for the fact that in powder diffraction these reflet¢ions are not sepa-
rable, and will always contribute to the same Bragg powder pak (see previous
discussion and fig. 6.

P(~) is the polarisation factor(dimensionless), which we have already introduced.

L(7) is the so-called Lorentz factor (dimensionless), and contains all the
experiment-specific geometrical factors arising from the&j-function integration.

A-(A,v) (dimensionless) is theattenuation and extinction coefficientwhich ac-
count for the beam absorption and for dynamical effects.

- Fine is the incident time-integrated flux term (counts per squaremetre), which
accounts for the strength of the incident beam and for the conting time.

In exam problems, the intensities will be usually correctéat the Lorentz, polarisation, at-
tenuation and incident flux terms, but the role these terms ynlae requested as part of thd
discussion.

7 Structural solution from diffraction data

Diffraction data can be used for many purposes, includingialmg information about the mi-
crostructure, defects and other aspects of the crystalrundestigation. In general, however,
crystallographers are primarily interested in solving the crystal structure, i.e., to deter-
mine where the atoms are This translates in trying to determine the “scatteringsitgf (e.qg.,
electron density) in the unit cell. As we shall see in thigiseg the main obstacle to this effect
is the so-callegphase problem We will briefly outline what this problem is and some of the

methods to solve it.
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7.1 The phase problem

From eq. 4, we can see thae structure factor is proportional to the Fourier transfo rm of
the charge density (or, more in general, scattering densijyintegrated over the unit cell. By
the elementary theory of the Fourier transform over a fimterval (extended to 3 dimensions)
we can calculate the charge density given all the strucaatfs:

) = —— S F(r)e (26)

T'o Vo

From eq. 26 follows thaif we were able to measure all the structure factors, we could
reconstruct the charge density exactly Clearly, it is impossible to measure all the infinite
nodes of the reciprocal space, but it can be shown that itdvbealsufficient to measure up to
a value ofg,,,, to obtain aFourier map with resolution 27/¢,,.. in real space Therefore,
the limited number of measured reflections does not pose annrountable problem to the
reconstruction of the charge density

Direct reconstruction of the charge density is impossiblebecause only theamplitudesof
the structure factors are known (through the term |F'|? in the cross section), while the

phasesare unknown. Solving a crystal structure is therefore equialent to phasingthe
reflections.

7.2 Single-crystal methods of structural solution

7.2.1 The Patterson method

Given that the scattering density cannot be determinedowitiphasing the reflections, it is
nonetheless possible to obtain some degree of informabontat without any knowledge of
the phases. Again, from eq 4, we obtain easily:

Flaf = [[  ardr ) @7)

With a change of variable (left as an exercise) and some rakatipns we obtain:
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SRR = [ ar @)+ ) = PO) (28)

The function defined in eq. 28 is known as tRatterson function(or “Patterson” for the
cognoscenti, from Lindo Patterson, 1934). One can perhegaggnise in eq. 28 that the Pat-
terson isghe autocorrelation function of the scattering density

Important properties of the Patterson function for atomic-like scattering densities

e Patterson functions are 3-dimensional functions defined whin one unit cell, and are
usually presented in the form of 2-dimensional “slices”.

Atomic-like scattering densities aremostly zerg except at the atomic positions. There-
fore the Patterson function will be mostly zero as well, exqa at the origin (r = 0)
and for values ofr corresponding to vectors joining two atomét these vectors, the
Patterson function will have peaks.

The height of ther = 0 peak can be easily calculated (left as an exercise).

The height of the peaks forr # 0 is proportional to the product of the scattering powef

of the two atoms joined by the vectet. For example, for X-rays, the height of the
Patterson peaks isx Z2 for atoms of the same species anc 7,7, for atoms of

different species.

If the crystal structure contains few heavy atoms and many fjht atoms,one can easily
see that the Patterson will be dominated by heavy-atom pedkse strongest family
will be at » vectors joining two heavy atoms, and the next strongest thene at r
vectors joining a heavy and a light atom.

In simples cases, the Patterson can often heniquely interpreted yielding the exact po-
sition of all the atoms in the unit cell.

7.2.2 Direct methods

If the scattering density was an arbitrary, complex funct®olvinga priori the phase problem
would be impossible, since and infinite number of such fumgiwould be compatible with a
given set of| F'|*’s. However,real charge densities have three key properties that are exten-
sively exploited by the so-calledirect methodsto “phase” the reflections, without amypriori
knowledge of the crystal structure:

e Scattering densities areal functions (the imaginary anomalous term can be safely phor
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except near a resonance)..

e Charge densities aggositivefunctions. Note thaFermi lengths in neutron scattering can
be positive and negative but special direct methods have been developed to deal with
these problems.

e Scattering densities aratomic-like”. In other words, if one has the correct phases, one
should getpeaksin the Fourier maps, whereas if the phases are wrong, thedfonaps
consists of oscillations throughout the unit cell.

Direct methods exploit a number of inequalities existinghaen terms of the Fourier series for
positive-definite functions, to yield “probable” phaseatédns between sets of reflectiomars,
triplet andquartet9 based on the ratios of their intensities. Direct methodsvary effective in
solving moderately complex structures without any prioowtedge, and even macromolecular
structures are not out of reach for these methods.

Direct methods usually proceed in an iterative manner. rAdtérst attempt to “phase” the re-
flections, Fourier maps are calculated (“Fourier recycliagd the crystallographer (or, increas-
ingly, the software) attempts to identify “atoms” in the rsafphese are then employed to obtain
a more precise “phasing” in the next step.

7.2.3 Structural “optimisation”: least-square refinements

In general a certain degree of prior knowledge is alwaysgmtelsefore one attempts to solve a
crystal structure. For example, the stoichiometry and thralrer of formula units in the unit cell
(known as “Z") are almost always known. For molecular crigsthe molecular connectivity and
the shape of its rigid components is also known, and stracoilutions entails the determination
of the flexible parts (“torsion angles”) and of the packing anientation of the molecules within
the unit cell. All this knowledge must be exploited by any d@dructural solution method. Two
strategies are usually adopted:

¢ If the information is fragmentary, one can incorporate itha direct method approach, yield-
ing more precise phase relations.

e If one is reasonably close of the solution, with only a fevefparameters left to determine, it
is possible taninimise the agreement between observed and calculatedeststructure
factors|F'|? as a function of the free parametefBhis is clearly a non-linear optimisation
problem, and a number of strategies have been developet/&isim a variety of cases.
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Most problems in physical crystallography involve determning subtle structural varia-
tions from well-known and rather simple structural motifs. Therefore, structural optimi-
sation is usually the method of choice for the structural codensed-matter physicist.

7.3 Powder data and the Rietveld method

All the structural solution techniques described abovesfogle crystal diffraction have been
adapted to powder diffraction, including the Pattersonhoétand the direct methods. Clearly,
one has to contend with the much greategeneracyof powder data, which, as we have seen,
are “compressed” into one dimension. Among the powder nasthane stands out by far, being
almost ubiquitous in all applicationthe Rietveld methods, discovered by the Dutch crystallo-
grapher Hugo Rietveld in 1969.

In the Rietveld method, one performs a nonlinear least-sque fit of the measured profile
rather than of the |F|? as in the single-crystal methods. This could appear more coptfi-
cated, since one has to fit the microstructural and instrumetal parameters controlling
peak broadening and the background at the same time, but hashe great advantage of
accounting automatically for peak overlaprhis is illustrated in fig. 8.

8 Beyond the small-crystal approximation: dynamical diffrac-
tion and extinction

Up to this point, we have developed the diffraction formal&rictly in the kinematic approx-
imation, i.e.,ignoring completely the interaction of the scattered beam vth the crystal and
the interference between the forward-scattered beam and #incident beam Taking this
into account, in the so-callddll dynamical diffraction theory , results in a series of rather un-
usual phenomena, the most peculiar of which are observalyarohighly perfect crystals. A
full treatment of the problem is much beyond the scope ofdbigse. Here, we will only see a
brief description of the way these effects were describedhe first time by Darwin (1914) in
two famous papers, with the aim of understanding how our@pprations need to be relaxed.
We will also give a qualitative description of two importaftects: extinction andanomalous
transmission (the Borrmann effect) For a full quantitative treatment, see [6]
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8.1 The Darwin treatment of dynamical effects

The starting point of Darwin’s treatment of dynamical efteisthe calculation of the scattering
amplitude (electric field for X-rays) due to an entire plane d atoms. In order to get correct
guantitative resultst is extremely important to relax the far-field approximati on that we
have employed so farand employ a realistic geometry, as shown in fig. 9

S

D’

Figure 9: The Darwin construction is the starting point twekate dynamical effects in extended
crystals. The beam is emitted by the sousdés distance from the origin being) and scattered
by a 2-dimensional array of atoms towards the “deted(tlistancer to the origin), as well as
forward-scattered towards the poidt(also distance to the origin). No far-field approximation
is made, so all the paths are calculated up to the quadraticitex.

It can be shown (see, for example, [4], p. 318) that

Ep = 2E0r0dMf(q)efi[q(RJrr)—wt]em/z
Ep = 2E0r0dMf(())efi[q(RJrr)fwt}eiw/z (29)

In eq. 29,M is the number of atoms per unit area ahid the d-spacing. The similarity between
the two expressions is due to the fact that all the path lengtd the same-ere, for the first
time, we see that the real scattered amplitude is proportioal to the densityof scatterers
(M), not to the total number of atoms — a result that signals a clear degrture from the
kinematic approximation.
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Even if we have not deduced eq. 29 explicitly, we can notieiorportant aspects:

The reflected and forward-scattered beams suffer a phase ghiof 7/2 with respect to
the incident beam. This is important, because a beam that hagflected twice will be 180°
degree out of phase, and this is the main contribution to theeduction of the primary beam
intensity, as required by the conservation of energy (whichs not obeyed in the kinematic
approximation)

Darwin’s calculation then proceeds according to the schemoavn in fig. 10. Essentially, one
sums up the contributions from the different layers, bottransmissionandclose or at Bragg
reflection conditions each with the appropriate amplitude and phase (here, analsa take
into account absorption effects).

? o

Extinction distance
Uy

Figure 10: The Darwin construction extended to the full Bvelnsional crystal. We here consider
the case of a crystal cyiarallel to the Bragg planes under investigation, the beam making and
angled with the surface.
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The most significant results that can be obtained with the Dawin construction are:

¢ In transmissionone can calculate theefractive index for X-rays

n=1-—rg

<1 (30)
27

where N is the number of atoms per unit volume and Z is the atomic numbe On
the basis of this important result, one can predicttotal external reflectionof X-rays
from materials surfaces — a key result at the basis of th&-ray reflectivity technique

¢ In Bragg reflection(without absorption) one finds that the X-ray beamsuffers total re-
flection within an angular region

NX’fla) _

0= HBmgg| <To 7 sin 260

(31)
where again, N is the number of atoms per unit volume. The angle is known as the
Darwin width. Outside this “total reflection” region, the scattered intensity decays
polynomially (fig. 11). We find, here, the important result that in a perfect infinite

crystal the width of the Bragg peaks is not a delta function, but is figj and is given
by the Darwin width

1.0 —
11,
08 |
0.6 —
04
02 |
1 | | 1 i L
1.8 1.0 0 1.0 1.8

(e_eBragg)’;S

Figure 11: The Darwin peak profile in the case of a symmetyicait crystal without absorption.
The parametes is defined in eq. 31. The intervall to 1 is the region of total reflection.
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8.2 Extinction

From the discussion in the previous section one can deduce avimportant facts about the
Bragg peaks intensity from a perfect crystal:

e When the full dynamic theory is applied, the integrated intensity of each Bragg peak is
alwayslower than expected from the kinematic theory — a phenomenon knowmas
extinction. Although this reduction is not immediately apparent from the equations
we presented, it should be clear from the fact thathe most important consequence
of the dynamical theory of scattering is to restore energynservation We can think
of this, intuitively, as if the scattered energy from each Iger would be lost from the
primary beam producing scattering from the next layer. Sinde crystal diffraction
data almost alwaysneed to be corrected for extinction to yield realistic stru¢ure
factors.

¢ In the full dynamic limit, the integrated Bragg intensity is independent on the struict
factor, and is instead proportional to the Darwin widthTherefore, diffraction data
from large, highly perfect crystals are essentially usedes determine crystal structures
Crystallographers even resort to “dunk” their crystals in | iquid nitrogen to create a
mosaicof smaller, slightly mis-oriented crystals to reduce extiction — these samples
are known asideally imperfect crystals

8.3 The Borrmann (anomalous transmission) effect

An extreme example of the dynamical diffraction phenomegpks differing from the kinematic
theory expectations is provided by thkeomalous transmission effect, a.k.a. the Borrmann
effect, first discovered in 1941 in quartz by Gerhard Borrmann [FjisTphenomenon is illus-
trated in fig. 12. In the kinematic approximation, one wowgext the transmitted beam to exit
directly oppositdo the entry point, and to be attenuated as:

I = Iye t (32)

where is the attenuation length (usually of the order of a fem for X-rays) andL is the
travelled distance. Instead, for highly perfect crystalgth Bragg scattered and transmitted
beams exibn the face directly opposite the entry faceBoth beams can be strong, much more
so than expected, since they have apparently “travellagraé10’s of the “normal” attenuation
length. The reason of this apparently bizarre result isg¢hatgy is transferred through the crystal
by astanding wave rather than by a normal travelling wave.
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(A travelling wave transfers enengy along
the beam direction)

X-ray beam paszing through o crystal The Borrmann (Anomalous transmission) Effect (dynamic)
(kinematic) (A standing wave s sef up at the Lave condition, Energy is
fransferred along the crystal planes)

/ SSOSASSSNSNSN

Figure 12: A beam of X-rays traversing a thick, perfect askn the kinematic approximation
(left), one expects the portion of the beam that is not absorbexitalieectly oppositeo the
entry point. Instead, one observes intense transmittedseattiered beams emerging from the
face opposite to the entry faceght).

8.3.1 Pendelbsung fringes

The intensity of the transmitted and diffracted beam vargrgjly with the thickness of the
crystal. In a tapered crystal (fig. 13), the intensities acelufated, giving rise to the so-called
Pendelbsung fringes(the name, coined by Ewald, means “spherical solution”.)

The expression for the transmitted and scattered intessitie

I(T) = Iycos*¢
I(S) = Iysin*¢
. NAf(@P

33
cos 0 (33)

WhereP is a polarisation factor={ 1 or = cos 26 depending on whether the polarisation is
parallel or perpendicular to the scattering planejs the thickness of the crystal and all other
symbols have the usual meaning.

Eqg. 33 raises an interesting possibility:

The X-ray form factors can be determined with great accuracyby observing thespacing
of the Pendelbsung fringes.
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Figure 13: The setup to observe Pendelldosung fringes éséke t

9 Appendix I: lattice planes and the “d-spacing”

By looking at fig. 14 we can convince ourselves of the follogvetatements:

Figure 14. Construction employed to derive the connecteiwben Bragg’s law and the spacing
between atomic layers (see text).

e For each pair of non-collinear lattice vectors,and v, defining a family of planes in real
space, there is BL vectorq perpendicularto them. We can always ensure that the Miller
indices ofq have no common factors, so thais the shortest such vector. Naturally, all
integral multiples ofy are also perpendicular ioandv. This is very easy to prove — it is
sufficient to show that the appropriate linear equation®eaxational solution and divide
by the common factors, if any.

e Given an arbitrary such plane passing through the origia {ge 14), the next plane in the
family intercepts the coordinate axes at positiafs, 1/k,1/1. In fact, the three direct-
lattice vectorsik(a; /h—ay/k), hi(a; /h—a3/l) andkl(ay/k —ag /1) are all perpendicular
toq.
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e The distance between adjacent direct-lattice planes peigrto theu—v family is 27/q.
This is easily seen by projecting, for example, the intereegtora; /i ontoq, yielding
(2wh)/(gh) = 27 /q. If we call this distance — the d-spacing— then

d=2r/q (34)

Strictly speaking, eq. 34 is only valid for the shortest sikdhvector, so in general = 27n/q
wheren is an integer. Combining this with eq.22 we obtain the tiadal formulation oBragg’s
law:

2dsin @ = n\ (35)

Figure 15: The traditional derivation of Bragg’'s law. Theaphk difference between waves re-
flected by the two adjacent planes is set t@he

In practice, the d-spacing is written using eq. 34 everhigher orderreflections, and theri” is
almost always omitted in eq. 24. The more conventional ddom of Bragg's is depicted in fig.
?7?, where the phase difference between waves specularlgssathy adjacent planes is set to a
multiple of 2.
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10 Appendix Il: more diffraction geometries

10.1 More single-crystal geometries.

10.1.1 The Laue geometry

The Laue geometry is the simplest diffraction geometry,ianigis is the method used in the orig-
inal discovery of X-ray diffraction by Max von Laue. Von Lawerked with two technicians,
Walter Friedrich and his assistant Paul Knipping, to shiteeam of X-rays through a copper
sulfate crystal and record its diffraction on a photogragate. After being developed, the plate
showed a large number of well-defined spots arranged in arpatf intersecting ellipses around
the spot produced by the central beam. Importatitly X-ray beam must not be monochroma-
tised— in fact, the Laue method uses mostly the continuous spadibremsstrahlung) obtained
by bombarding the anode with high-energy electrons. Varaetector (or film) geometries can
be employed, the most common betngnsmission Laueandbackscattering Laue The Laue
geometry is still employed for a variety of applicationgrr orienting large single crystals of
novel materials to the study of protein crystals with syottun radiation. Fig. 16 shows an
example of transmission Laue from a protein crystal.

10.1.2 Time-sorted Laue geometry (neutrons)

The Laue geometry has a few disadvantages:

e The wavelength of the incident beam giving rise to each spatot well defined, so it is
very difficult to get accurate lattice parameters (one cadihg obtain ratios of lattice
parameters and lattice angles).

e For the same reason, higher-order peaks fall on top of edwr et that is,001, 002, 003
etc. contribute to the same spot on the detector. Theirsitiea cannot be deconvoluted,
making quantitative analysis somewhat more difficult.

The time-sorted Laue method, as applied to time-of-flighitroa diffraction, solves both prob-
lems, in that the wavelength of each detected neutron igratically measured by the time-
of-flight method. An example of a modern time-sorted Laue &@ms shown in fig. 17. The
same method could be implemented with X-rays using a mblRoel (energy analyser) area
detectors. Unfortunately, detectors of this kind are omlyra prototyping stage.
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Figure 16: An example of a transmission Laue (simulated)daden a protein crystal. The spots
on the elliptical paths belong to the samane i.e., plane in reciprocal space. “Nodal” reflections

are low-order reflections.

10.2 More powder diffraction geometries.

10.2.1 More angle-dispersive techniques

Here, one employmonochromatic radiation, and the different Bragg peaks are accessed by

varying the scattering angi.

A few more powder diffraction geometries are shown in fig. 18

Bragg-Brentano geometry This geometry employs a planar sample, with the normal aods ¢
inciding with the direction of the scattering vector. (fig8 B). Since the direction of the
normal axis has to vary as a function 2ff, one can only employ a single detector or a
small Position-Sensitive Detector (PSD). However, thisrgetry has many advantages,
especially in the case of absorbing samples: in fact, thenithated area of the sample
can be much larger than the penetration depth, which rasutsnuch increased effective
sample volume with respect to the Debye-Scherrer geomBhiig.is further enhanced, in
the case of laboratory diffractometers, by the so-callad&focussing effect”, so that the



Figure 17: The time-sorted Laue camera installed on the ¥rument at the ISIS facility
(oxfordshire). The tubes are photo-multipliers that detiee light produced by the scintillator
detectors array. The polychromatic neutron beam (not shoames from the left side of the

picture.

Monechromatic
beam

slit circle

rod shaped
sample

Figure 18: Three types of powder data acquisition geonset#g Debye-Scherrer; B) Bragg-
Brentano; C) Image-plate

pattern resolution becomes independent on the samplefdst®.the absorption correction
is independent o@¢. On the down side, spinning a flat plate is less effective duceng
systematic and statistical errors on the intensity. Tloeesfthis geometry is employed for
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rapid data acquisition with a small detector solid anglpeeglly for absorbing samples.

Image plate geometry The sample is ideally a small sphere (fig.@B The detector is replaced
with a photo-sensitive plate, which is sensitised by thaysi(or neutrons) and later "read”
with a laser scanner. This is typically an uncollimated getyn and, as such, prone
to aberrations. However, it can collect full D-S cones foamé part of the diffraction
pattern, especially at high energy, where the pattern igdohto low angles. The main
disadvantage is that the plate read-out is slow. It is vepupar at synchrotron sources,
where is often coupled with scanning "masks” to obtain défe patterns, for example
at different temperatures, on the same image plate. Anati@ortant application is for
high-pressure powder diffraction.

11 Appendix Ill: derivation of integrated intensities

11.1 Integrated intensities from a small single crystal

We start from the scattering cross section for a single alystthe kinematical approximation
(eq. 8, we have omitted the polarisation factor for simgiaind to deal with the general case of
X-rays, neutrons and electrons), and ignore, for the montleatintrinsic width of the peaks in
reciprocal space.

o )3 9
= N o) ) (36)

whereN. = V/u, in the number of unit cells in the crystal (or the “effectivdwme”, if we take
into account attenuation), ang is the unit cell volume. The summation is over all the nodes
of the reciprocal latticeRL). We now use the transformation properties of the 3-dinwarai
Dirac function.

s(q) = 200000 37)
@°sin «
We have used spherical coordinates with axis parallel to the beana, and y being the polar
angles defining the direction of. We have also used the notatign= ¢ — 7, @ = a — a.,

X = X — X-, etc. to indicate that the delta functions are centeredeafzih positions. We can
use the construction in fig. 19 to relate “polar” angl&vith the scattering angle. One can see
from the figure that the polar anglecoincides with the angle between the scattering plane and

the horizontal plane. The relation is as follows:
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Figure 19: Construction showing the relation between thadiy angle« and the scattering
angley.
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6(a)o(x) = 26(7)0(x) (38)
With eq. 37 and 38, eq. 36 becomes:
do . (21)° < 20(q)0(7)0(%) 2
m - Nc Vo ; q2 COS(’}//Q) |F(T)| (39)

11.1.1 Wavelength-dispersive case

We will start with the case of a wavelength-dispersive expent, which easier to understand,
and is relevant for Laue and time-sorted Laue diffraction.

We can first integrate eq. 39 over the detector solid adfle= sin~ydydy, which we now
assume to be centred onsagle Bragg reflection. Doing the usual replacement 20 we
obtain:

do (27)3 26(q) sin 20, 9
— = N, F
ds2 “ vy q%cosfr [F(7)]
27)3 45(q) sin 0
_ ot UO) ( )q S0 e (40)

35



To calculate the integrated cross section we can coputertvavelength using

~ 4msind
T
_ A? 3
0@) = 70N (41)
yielding
do (2m)® . < A3 9
— = N 4sinO\ §(\)—— |F
ds? Vo Sin 24 )(471' sin §)° £l
A < 9
= NC’U_4 sin O d(\) | F(7)| (42)
0
where we have used Bragg’s law
2dsinf = A (43)

To get the scattered count rakg, i.e., the number of scattered particles per second mehsure
over thewhole detector, we multiply by théncident flux density ®(\), so that the number

of particles per square metre per second in the intervaldestw and A + d\ is ®(\)d\, and
integrate, obtaining

23
Pr= N Z|F(7)[* 45in 0-)-0(\,) (44)
Vo

Although Sl units can of course be used, one can see that ag still correctly dimensioned if
one expresses the wavelength&'ngstroms, the incident flux density in particles per squzne
per second pekngstrom andF (7)|* in Barns — these are the more customary units employed
in scattering experiments.

Eq. 44 can be modified empirically to account for beam atteon&ffects through the crystal,
by assuming that, at each wavelengthV.A.(\) unit cells will contribute to the scattering, so
that

d3
Pr = N~ |F(7)|* 4sin 0, A, (AM)A®()\,) (45)
Vo

The attenuation coefficient A-()) is, in general, wavelength dependent and depends also on
the shape of the crystal and on the scattering geomdtryd) is usually calculated by a finite-
element method or by approximating the shape of the crystiddt of a sphere of cylinder, for
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which analytical expressions have been developed. Oneccauiat forextinction in much the
same way.

Referring to eq. 25, we can find the following expressionstif@Lorentz factor £ and the
incident time-integrated flus;,,. (¢ is the total measuring time).

L = 4sin6

11.1.2 Constant wavelength case

We start again from eq. 39 and analyse the Ewald constructibg. 20. We can observe that
this time we have the following reflection conditions:

L e o
- 3

>/ . e o
lll. )

d; . e e
I"I

* e e e

e * e

® ®

Figure 20: Ewald construction for the constant-wavelemgite. The angle of rotatiopis the
rotation angle of the crystal required to bring the spotcatkd by the arrow into scattering
conditions.

e Thelengthof the scattering vectay must correspond to the length of tid. vector under
consideration. At constant wavelength, this is a conditiory, namely:

4 siny/2
g = T2 / (47)
e Thedirectionof g must coincide with that of th&Z vectorr. This condition can be achieved
by rotating the crystal by an angiearound an axis perpendicular to the scattering plane

(defined byk; andr).
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e The crystal plane under consideration must coincide withdbattering plane — this is a
condition on they angle of the detector (not shown).

We can interpret the thregfunctions in eq. 39 as representing these three conditidheim
order. Observing further that for constant wavelength

A
ola) = 27TC0805(7)
5(@) = 83 —n)= 306 - ) (49)
we obtain
dO’ _ (27T)32 [2#2\03 } [%5<7_ 277)] 5(X> 2
aa Ne Vo : q?cos [F(7)]
3 2sin 9
= NP0 - 20) (@9)

As before, we can integrate over the detector solid a#igle- sin ydydy, by observing that

/ dyo(y)(y —2n) = 6(n) (50)
leading to
& ,
o(n) = NC'U_OZ tan@sin 0 |F(7)|" d(n) (51)

Eq. 51 has the form we expect — there is no scattering unlessryistal is rotated to the = 0
position. Let us imagine now to bathe the crystal in an incideam with flux® and rotate
it through the reflection position with angular velocity= dn/dt. We want to determine how
many particles are scattered in the process.

) (0] 3
Nagart = @/dta(n) = /dna(n) = ;Nci—OQ tan 0 sin 6 |F(‘r)|2 (52)

Once again, eq. 52 can be corrected for absorption as forseq. 4

Referring again to eq. 25, we can find the following expressior theLorentz factor £ and
the incident time-integrated flu%;,.. Note that in this casthe integrated intensity does not
depend on the total measuring time, but on the rotaton speechtough the reflection.
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L = 2tanfsinf

o
w

11.2 Integrated intensities from a random collection of smksingle crys-
tals — powder diffraction

In this section, we will calculate the integrate cross secbver he whole solid angle for a
“random” collection of small single crystals (or crysttdk) of the same material — in other
words, a powder sample. We will make the slight simplificatioat all the crystallites have the
same number of unit cells..We can once again apply eq. 39 to obtain:

_a (2m)3 nc Z Z 0o — (7)) (x — xi(7)) \F(T)|2 (54)

¢*sin(«)

Here, o;(7) and x;(7) are the angular coordinates &fL vector () for crystallite:. If the
number of crystallites,, is very large and their angular distribution is uniform (47), we can
replace the summation with an integral over the angulaattes.

do_ (27m)°nen, ()8 (cr — i (7))8(x — xi(T)) 2
- 47T’Uo Z/sma Yda(T)dx(T) Zsm(a) |F'(T)]
- QWUON "2 5;3) F(r)? (55)

whereN, is the number of unit cells in theholepowder sample. As for the previous examples
with the single crystal geometries, we can focus osirgle Bragg peak, but with theaveat
that individual Bragg reflections cannot be completelyased in powder diffraction. As shown
in the Ewald construction of fig. 6, a uniform distributioniatident wavevectors with respect
to the RL means that alRL nodes on the surface ofspherewill be in reflection conditions
simultaneously. This means, at the very least, that all sgtryrequivalenf? L nodes will scatter

at the same time, a fact that is generally accounted for mgdonte thaeflection multiplicity
factor, m., so that

do  27*N. (g
do _ mT% () (56)
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The Lorentz factors for the wavelength-dispersive and teamisvavelength geometries can now
be easily calculated by introducing the appropriate tramsétions ford(q).

11.2.1 Powder diffraction cross section — wavelength-digpsive case

We employ eq. 56 together with eq. 41 to obtain:

do d? 9
10 =N, (U_o) m |F(7)| ﬁ)\é()\) (57)

whence, by accounting for the incident fl@\) and integrating over all wavelength and over the
detector solid angl€,; we obtain the number of particles scattered into the det@etosecond:

3

P, =N, (d—) e |F(7)

Vo

» A0
47

Qq (58)

Eg. 58 it is quite interesting: unlike the previous cases nepantered, the count rate on the
detector isproportional to the detector solid angleThis is a reflection of the fact that, in this
geometry, the Bragg reflection is observed at all scattemngges — of course each with different
wavelengths.

Referring again to eq. 25, we can find the following expressior theLorentz factor £ and
the incident time-integrated fluk;,,.. (¢ is the measuring time).

Qq
L=
Fine = AD(A)E (59)

11.2.2 Powder diffraction cross section — constant-waveaigth case

We employ eq. 56 together with eq. 48 to obtain (the develayiseentirely similar:

do d? o tan 6
— =N, — F
=N (5 melrR Setate (60)

Here, we assume that the detector has a large span in thersgatlane, encompassing the
region where the Bragg peak occurs. Once again, we can atéegver the detector solid angle
dQ = sin(20)d~dy to yield:
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d3
P, = N, <_) my |F(7)]
Vo

, sin’ 6

Ay (61)

s

whereAy is the angular aperture of the detector along the Debyef&aheones. For a typical
diffractometer, thdneightof the detector out of the scattering plaiig, is constant, whereas the
angular aperture of the detector along the Debye-Schesrerscvaries approximately as

H 1
Ax = R 4rsinf cos 0 (62)
R being the radius of the diffractometer. The count rate iscfoee
d? o tan@ H
P.=N.®(— F -

Referring again to eq. 25, we can find the following expressior theLorentz factor £ and
the incident time-integrated fluk;,. (¢ is the measuring time).

tan H
L= Am2 R
Fine = Ot (64)
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Stephen W. Lovesey, “Theory of neutron scattering from condnsed matter” [1]is “the” tex-
book on the theory of neutron scattering and related mattassperhaps not always easy
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on the subject.
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41



References

[1] Stephen W. Lovesey, “Theory of neutron scattering franadensed matter”, Oxford Science
Publications, Clarendon Press, Oxford (1984) — in 2 volumes

[2] G.L. Squires "Introduction to thermal neutron scattgfi Dover Publications, Cambridge,
New York, 1978

[3] E. H. Kisi and C. J. Howard, "Applications of neutron pogrdliffraction”, Oxford Univer-
sity Press, Oxford, New York, 2008.

[4] B.E. Warren X-ray diffraction(Dover Publications, Inc., New York) 2nd Ed. 1990.
[5] G. Borrmann, Phys. Stat. Sol. (A) 204, No. 8, 2515 25200

[6] André Authier, “Dynamical Theory of X-ray Diffractidh International Union of Crystal-
lography, Oxford University Press (Oxford, New York), 2001

42



